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Abstract

Pacific pink salmon (Oncorhynchus gorbuscha) are small anadromous fish with

a brief life cycle. At age two they reach sexual maturity and return to their natal

streams to spawn and then die. As many communities depend on the large volume

of pink salmon returning to Prince William Sound, Alaska, it is important to develop

preseason forecasts to estimate the number of salmon returning to spawn. In this

thesis we develop a number of deterministic differential equation models to describe

the pink salmon life cycle and to predict the size of the adult population returning

each year. The development of the models is sequential. Each new model adds a

degree of complexity and improves the accuracy, either in capturing real data or

in representation of the biological system. The effects of the spring zooplankton

bloom and the prey-switching hypothesis on mortality of juvenile pink salmon have

been well documented. Therefore, we incorporate these factors into our forecasting

models, significantly improving their predictive capabilities.

Necmettin Yildirim
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1 Introduction

Pink salmon (Oncorhynchus gorbuscha) are anadromous fish inhabiting the Pa-

cific Northwest. The species is characterized by its strictly two year life cycle, large

abundance, and small size. Like other Pacific salmonoids, pink salmon perform in-

credible migrations from streams to the ocean as juveniles and back to their natal

streams as adults. They form large schools, both as fry leaving coastal waters and as

returning adults. The populations of pink salmon that spawn in streams and estuar-

ies of Prince William Sound, Alaska form an integral part of the region’s ecosystem

and are an invaluable resource to the local communities. Juvenile salmon are prey

for numerous birds, fishes, and marine mammals. Likewise, the summer salmon run

of adults returning to spawn provides a valuable food source for larger fishes and ma-

rine mammals. Pink salmon have been fished commercially by communities in Prince

William Sound since the late 1800s and to this day, the industry remains one of the

major sources of income for residents.

Preseason forecasts are used to predict the number of pink salmon that are es-

timated to enter Prince William Sound each year. Biologists, canneries, hatcheries,

and fishermen use these forecasts for planning and management purposes. The Alaska

Department of Fish and Game(ADFG) uses run size predictions to set preliminary

harvest strategies and canneries rely on them to estimate market price and to de-

termine the number of cannery workers, tenders, and processing ships that will be

needed for the upcoming season. Unfortunately, preseason forecasts are frequently

unreliable[14]. For example, in determining the prediction for wild pink salmon re-

turns of 2012, none of the ADFG models produced a mean absolute percent error

below 100%. Pink salmon forecasts are difficult to construct due to the large vari-

ability in pink salmon survival, their sensitivity to environmental changes, and their

short life cycle.

Currently the Alaska Department of Fish and Game uses seven different methods
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of varying complexity to predict the wild stock returns. Each year, these models

are tested and the one with the lowest error (usually measured with mean absolute

percent error) is used to produce the forecast. From 1997-1999, the ADFG used linear

regressions of adult production versus brood year escapement index for wild pink

salmon forecasting[19]. The escapement index is obtained from weekly arial surveys

and provides an estimate for the number of spawning adults[19]. From this data, the

number of emergent fry can be approximated. Adult production of wild salmon is

given by the total return minus the hatchery return. Distinct markings on hatchery

raised salmon help biologists distinguish wild stock from those of hatchery origin. For

a given a brood year, the ADFG uses the linear regressions to predict the abundance

of returning adults. This method assumes that trends in pink salmon populations are

linear and that the abundance of brood stock is directly correlated with the abundance

of returning adults. It also assumes that the effects of environmental changes can be

modeled implicitly. In order for the model to be accurate, environmental conditions

during the years used for fitting must be similar to those of future years. While linear

regression forecasting is simple, it is not effective at predicting sudden increases or

decreases in run sizes.

The ADFG have adapted linear regression models to include environmental factors

such as sea water temperature and major climatic shifts. In practice, these models

have been rarely, if ever, used. Errors from fitting these models are usually higher

than those from simpler models. This poor fitting can result from numerous factors.

While more elaborate models are better able to describe the system, the complexity

also increases the number of parameter values that must be determined. Furthermore

ecological relationships between systems, such as pink salmon populations and climate

shifts, are not fully understood and are difficult to model.

Haeseker et al.[16] retrospectively evaluated several discrete forecasting models.

The goal of this research was to determine which types of models were best able to
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capture the dynamics of adult populations of pink salmon. The seven models ranged

in complexity from a basic time series to variations of the Ricker model. Each model

was applied to 43 pink salmon stocks over an average span of 18 years. To test the

accuracy of the forecasts, each model was retrospectively analyzed with respect to

real, historical data. The simplest model was R(yr-2), a time series model in which

the forecast was taken to be the return for the previous corresponding brood year

plus a residual error term. This naïve model followed general trends in odd and even

year lineages of a pink salmon population, yet it was not be able to predict sudden

changes. The most advanced model, KF, was an updated Ricker model in which

the intrinsic growth rate constant “a” was replaced with a Kalman filter. A Kalman

filter is a recursive algorithm that uses weighted averages of previously estimated

values to produce new estimates. Therefore the growth rate in the Ricker model was

permitted to vary over time. This enabled the model to track large scale changes

in salmon returns. The two models with the least correlation in raw errors were the

R(yr-2) model and the KF model[16]. Thus, these models were combined, forming

an eighth model, KF+R(yr-2). The results of this study indicated that although no

model was most suitable for explaining all pink salmon stocks, naïve models with few

parameters performed better than expected. More complicated models such as the

KF+R(yr-2) were overall less successful than the basic Ricker model. This was, in

part, due to the fact that pink salmon returns demonstrate large fluctuations on a

year to year basis rather than on a long term basis[16].

In most of the models discussed above, environmental conditions were included

implicitly. Willette et al.[2] conducted a study on the environmental factors affecting

survival of juvenile hatchery pink salmon. This research, conducted over a span of five

years, was intended to determine major predators of juvenile salmon and to investi-

gate three hypotheses: (i) alternative prey for predators (prey-switching hypothesis);

(ii) salmon foraging behavior (refuge-dispersion hypothesis); and (iii) salmon size and
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growth (size-refuge hypothesis)[2]. The research consisted of a combination of field

studies, data analysis, and mathematical modeling. It was determined that in or-

der to understand the mortality of juvenile salmon, both top-down effects (effects of

higher trophic levels) and bottom-up (effects of lower trophic levels) must be consid-

ered. The primary predators of juvenile pink salmon are facultative planktivores and

piscivores. Herring and walleye pollock are the most significant predators due to their

large numbers. Although they prefer to feed on zooplankton, when the abundance of

zooplankton is low, they will switch to feeding on pink salmon fry. This phenomenon

is known as the prey-switching hypothesis. The refuge-dispersion hypothesis describes

pink salmon dispersion from nearshore habitats. As juveniles mature, they move off-

shore in search of zooplankton prey. In this offshore environment juvenile pink salmon

are more vulnerable to predation, yet the predation on fry is inversely proportional

to their size. Therefore the risk of predation must be weighed against the benefits of

an abundance of food and larger body size. The size-refuge hypothesis focuses on the

relationship between the size of juvenile salmon and their vulnerability to predators.

While predation on fry is generally size dependent, this relationship varies depending

on the types of predators.

Before developing mathematical models for the pink salmon life cycle, we must

first understand the biology of the species and the ecology of the environment that

it inhabits. In this thesis we develop four deterministic mathematical models of

increasing complexity in order to predict the size of the adult population of pink

salmon returning to Prince William Sound each year.

1.1 Biology of Pink Salmon

Pink salmon (Oncorhynchus gorbuscha) are the most abundant of the five Pacific

salmon species and they have the shortest lifespan. Adult salmon die shortly after

spawning. As a result, odd and even year generations are almost completely isolated
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from one another, thus preventing gene flow[17]. Their life cycle can be divided into

five stages: egg, alevin, fry, ocean, and spawning. The figure below gives a time line

for the salmon life cycle.
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Figure 1: The chart above shows the two year life cycle of Prince William Sound Pink
Salmon. Note that there is significant variability in the duration of each stage. The
colored sections merely mark estimates that can vary by a month or more.
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1.1.1 Egg Stage (Stage 1)

Females dig shallow nests in gravel stream beds and lay roughly 1500-2000

eggs in several clutches[1]. The eggs are fertilized by at least one male and then

buried under a thin layer of gravel with a flick of the female’s tail. Soon after, both

parents die. The eggs remain under the gravel shelter, known as a “redd”, from

fall until winter. It is imperative that the eggs remain undisturbed, above freezing,

oxygenated, and surrounded by an adequate flow of water[1]. In this stage, salmon

are extremely vulnerable. Even a slight disturbance in the environment can kill

thousands of eggs. Mortality due to predation is also high. As the eggs enter the

eyed stage (as seen in Figure(2) below) the salmon begin to develop special structures

in the head, known as otoliths. These are needed for balance and auditory senses[18].

They form in layers made up of protein and calcium carbonate[5]. The thickness and

spacing of the layers vary depending on water temperature[5]. Otoliths, much like

the rings in tree trunks, can provide information about pink salmon populations and

the environmental conditions present during their early life stages.

Figure 2: Pink salmon eggs are shown in the figure above. Note that the eggs in this
photograph have already developed eyes. They have reached what is known as the
eyed-stage, which typically occurs in October of each year. The photograph is from
the US Fish & Wildlife Service website, “Cyber Salmon”[12].
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1.1.2 Alevin Stage (Stage 2)

The eggs hatch between December and February of each year[1]. The exact

time frame is primarily dependent on water temperature. Alevin are about 2.5 cm

long, translucent, and have a large yolk sac attached to their bellies. A sketch of an

alevin is given in Figure(3). They remain in the gravel redds until spring, feeding

exclusively off of their yolk sac. As in the egg stage, alevin have a high mortality due

to changes in their environment and predation.

Figure 3: The figure above is a sketch of a pink salmon alevin. When alevin emerge
from eggs in winter, they are extremely sensitive to light and remain hidden beneath
the gravel during this stage[5]. The drawing is from the US Fish & Wildlife Service
website, “Cyber Salmon”[12].

1.1.3 Fry Stage (Stage 3)

Once the yolk sac has been absorbed, salmon enter the third phase of their life

cycle, the fry stage. They begin migrating downstream in early spring. Fry leave

the redds at night and, until they begin to form schools, they avoid light[1]. Most

fry do not eat on the journey downstream, however some have been observed to

occasionally prey on small aquatic insects and larvae. Pink salmon in Prince William

Sound generally do not spawn far upstream, thus the journey for the fry is relatively

short. During their exodus, juvenile salmon imprint on their natal streams. Little

is known about salmon imprinting, but it is believed to be olfactory and may occur

multiple times along a salmon’s journey to the ocean.

For the first few months, fry remain close to shore, migrating seaward in bursts.

The spring zooplankton bloom in Prince William Sound is extremely important to the

survival of pink salmon during this stage. It is a valuable source of food and, by the
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prey-switching hypothesis, offers protection from facultative planktivore predators[2,

17]. As juvenile salmon mature, they migrate further from Prince William Sound. By

late summer or early fall they are 6-12 miles offshore[1]. A sketch of a pink salmon

fry is given in Figure(4).

Figure 4: A pink salmon fry is shown above. When the fry emerge, they range in
length from 3.2-3.8 cm and weigh about 0.3 g[1]. They grow rapidly over the next
several weeks, increasing in weight by six fold[1]. The drawing is from the US Fish
& Wildlife Service website, “Cyber Salmon”[12].

1.1.4 Ocean Stage (Stage 4)

Adult salmon remain at sea until they are ready to return to their natal streams.

Ocean stage salmon are bright silver with a greenish blue back. Their backs and tails

are spotted with black and these spots become more pronounced as the salmon age.

Figure(5) shows a drawing of an ocean stage pink salmon. During this stage, pink

salmon migration patterns vary widely between populations and regions[1]. Their diet

consists of plankton, small crustaceans, crustacean larvae, squid, and small fishes.

Relatively little is known about the habits of ocean stage pink salmon. They are

difficult to track due to their large numbers, far ranging migrations, high mortality,

and small size. While numerous species of seals, dolphins, and whales prey on pink

salmon, the rates of predation are hard to estimate as distinguishing pink salmon

from other salmon species in stomach contents is difficult[17].
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Figure 5: An ocean stage pink salmon is shown in this figure. The salmon continue to
grow throughout their ocean residence to an average weight of 2-4 kg[1]. The drawing
is from the US Fish & Wildlife Service website, “Cyber Salmon”[12].

1.1.5 Spawning Stage (Stage 5)

At age two, salmon reach sexual maturity and begin returning to coastal waters.

When they re-enter Prince William Sound, a percentage of the population is harvested

for the commercial fishery. Those that make it passed the fishing nets and reach

protected bays and streams make up what is known as “escapement”. Aerial surveys

and sonar fish-counters placed in major streams are used to estimate escapement.

For hatchery raised salmon, a separate harvest is performed at the beginning of the

season for cost recovery and at the end of the season for brood stock. Cost recovery

fish are sold to processors to raise money for the hatcheries and brood stock provides

eggs and milt for the next generation of salmon.

As pink salmon enter the spawning stage they undergo several physical changes[17].

When nearing fresh water, salmon’s backs darken and their silver scales dull. Females

turn olive green with splotches of darker color along their sides. Males often develop

hooked noses and longer jaws. Both sexes develop humps on their backs, as seen in

Figure(6).
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Figure 6: The figure above shows a male pink salmon in the spawning stage. The
females have a less pronounced hump and are usually smaller. The drawing is from
the US Fish & Wildlife Service website, “Cyber Salmon”[12].

As pink salmon migrate back to their natal streams, their consumption of food

decreases. It has been hypothesized that adult pink salmon re-entering Prince William

Sound may occasionally prey on emerging juvenile salmon[3]. The effects of this

phenomenon are unknown. However, given a very large return, predation by returning

salmon could possibly be significant[3]. Upon entering fresh water, pink salmon cease

to feed[1]. Their senses weaken and as a consequence; they swim very close to the

shoreline, nearly touching the rocks. Females’ internal organs atrophy as egg sacs

grow large in their place[17]. The physical changes due to their return to fresh water

are drastic and by the time salmon spawn, they are nearly dead.

Little is known about how salmon perform their migration back to their natal

streams. Likely factors include olfactory senses, seawater salinity levels, water tem-

perature, and currents[1, 3]. Of the returning population, males usually comprise the

largest percentage of early recruits. Thus, estimates of female percentage are often

used to indicate when a run is nearly over. Pink salmon migrate to nearshore waters,

school at the mouths of streams, and eventually find their way to their natal spawning

ground. Unlike the lengthy migrations of other Pacific salmon, Prince William Sound

pink salmon do not venture far upstream before spawning.
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Figure 7: The diagram above gives a summary of the major events in each life stage
of Prince William Sound pink salmon.

1.2 Prince William Sound and the Pink Salmon Hatcheries

Prince William Sound is a rich body of water on the southern coast of Alaska. It

is a fjord-type environment with a subarctic climate[4]. As it is on the northern edge

of a coastal temperate rainforest, the region is also characterized by heavy precipita-

tion and a unique ecological interaction between freshwater, estuarine, and saltwater

environments[15].
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Figure 8: The figure above shows Prince William Sound in relation to the rest of
North America. The image was generated using Google Earth software[22].

Prince William Sound is divided into eleven geographical districts: Unakwik,

Coghill, Eshamy, Northern, Northwestern, Eastern, Southwestern, Southeastern, Mon-

tague, Copper River, and Bering River. These are seen below in Figure(9).
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Figure 9: Above is a map of Prince William Sound, Alaska. The black line indicates
the boundary between Prince William Sound and the Gulf of Alaska. The purple
lines define the boundaries of the eleven districts. The colored markers indicate the
location of the PWSAC pink salmon hatcheries. Red marks the Wally Noerenberg
Hatchery, blue marks the Cannery Creek Hatchery, and green marks the Armin F.
Koernig hatchery. This map was obtained from the Alaska Department of Fish and
Game website[13].

The fishing industry provides a major source of income and a way of life for the

residents of Prince William Sound. In the early 1970s, wild stocks of pink salmon

were severely depleted and the fishing industry was struggling. Low returns during

these years were possibly caused by mismanagement and over fishing[6]. At this time,

the Prince William Sound Aquaculture Corporation(PWSAC) was founded and the

proposal to introduce non-profit hatcheries to the region was accepted[5]. In 1976,

the Armin F. Koernig hatchery(AFK), located in Sawmill Bay in the Southwestern

District, was the first hatchery to release fry. The Alaska Department of Fish and

Game Fisheries Rehabilitation, Enhancement, and Development Division founded

the Cannery Creek Hatchery(CCH) in 1978 in Unakwik Inlet. Ten years later the

hatchery was taken over by PWSAC. In 1985, the Wally Noerenberg Hatchery(WNH)
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was founded in Lake Bay in the Coghill district[5]. Currently AFK, CCH, and WNH

are all operated by PWSAC. The Valdez Fisheries Development Association(VFDA)

runs the Solomon Gultch Hatchery in Valdez. This hatchery, located in the Eastern

district, was founded in 1982[5]. Several other hatcheries for coho, sockeye, and chum

salmon exist in this region.

Hatcheries boost the number of pink salmon returning to Prince William Sound

by creating a sanctuary for eggs and alevin. Protection during the first two stages

of a salmon’s life cycle greatly increases the probability of survival of an individual

egg. During the egg stage, water temperature in the incubation tank is carefully

adjusted to produce a special pattern in the salmon otoliths. Each hatchery has

its own unique pattern of rings, making it possible to determine a pink salmon’s

origin. These markings are also used distinguish wild salmon from those of hatchery

stock. They are an invaluable tool in the management of hatchery stocks and in the

protection of wild populations.

Figure 10: The figure above shows two different pink salmon otoliths. The figure on
the left shows the otolith of a salmon from the Cannery Creek Hatchery. The figure
on the right is the otolith of a salmon from the Wally Noerenberg Hatchery. These
images are from the Prince William Sound Aquaculture Corporation website[5].

Pink salmon are reared until they reach the fry stage. They are often held in

pens near the hatcheries until the fry are ready to be released into the Sound (see

Figure(11))[5].
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Figure 11: The figure shows pens for raising salmon fry. The photograph is from the
Prince William Sound Aquaculture Corporation website[5].

Wild salmon naturally have the ability to optimize the timing of their entry into

Prince William Sound to coincide with the zooplankton bloom[11]. On the other

hand, the timing of the release of hatchery-raised fry is determined by average body

size and estimates of zooplankton abundance. An index of zooplankton abundance is

approximated from net samples taken near the hatcheries[23, 4]. When levels appear

to approach a peak, the fry are released either at the hatchery or remotely into other

parts of the Sound. In a remote release, fry are placed in tanks of water taken from

the fry’s desired future spawning ground. They are then transported to a release

location. There are few remote releases performed because returning salmon often

stray. This is likely due to improper imprinting[3].

The hatcheries have had a substantial effect on the salmon fishery in Prince

William Sound. The run sizes have increased significantly since they were first intro-

duced and in recent years 60-80% of yearly pink salmon returns have been of hatchery

origin[6]. Despite the success to the fishery, some biologists argue that the hatcheries

have created unnaturally large salmon runs that drain the ecosystem and interfere

with wild stocks. However, the total effects of the hatcheries on the ecology of Prince
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William Sound and on the wild pink salmon populations are undetermined.
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2 Mathematical Modeling of Pink Salmon Popula-

tion Dynamics

For hatchery pink salmon, the initial two months after release is a particularly

vulnerable stage in their life cycle. Survival during this period can be indicative of the

size of the returning adult population[2, 24]. Therefore, it is logical to separate the

population of pink salmon into two stages: fry and adult. Here the term “adult” refers

to the ocean-stage of the salmon life cycle. It does not correlate with sexual maturity,

which is reached after about two years. The death rate for the adult stage is taken to

be constant as there is little data available for ocean stage pink salmon. Because the

fry stage has the highest death rate, we focused on determining the factors affecting

juvenile salmon mortality. In developing the models, a separate set of parameters is

chosen for odd and even years at each hatchery. Because the hatcheries are located

in different regions of Prince William Sound, the length of a fry’s journey to the

ocean can vary. For example, fry from Cannery Creek Hatchery travel much further

than those from Armin F. Koernig Hatchery. As odd and even year pink salmon

are genetically distinct, it is possible that their populations exhibit different survival

rates.

Model simulations are produced in Matlab by numerically solving systems of dif-

ferential equations. In all of the simulations, time is measured in months after the

fry release, time t = 0. The adult return is sampled at time t = 15, the estimated

number of months after release for salmon to return to Prince William Sound (see

Figure(1)). The data is entered into Matlab from the PWSAC database and then

normalized by dividing both return and release by the release population size.

2.1 Pink Salmon Population Data

Current and historical data for hatchery pink salmon stocks has been com-
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piled by the Prince William Sound Aquaculture Corporation(PWSAC)[5]. While

some data is available from the mid 1970s, in this thesis all data is taken from at

most 1980 to present. Using more recent data in the models better reflects the

changes that have taken place over the past few decades. For example, the volume

of fish released by the hatcheries has greatly increased, there are more commercial

fishing vessels in Prince William Sound, and the vessels have become larger and more

efficient. In addition, using data from the past 20 years better represents recent cli-

matic and oceanic shifts. Studies of historical climate data have shown that there

have been major shifts in climate and oceanic conditions in 1925, 1947, 1977, and

1989[20]. While these regime shifts have yet to be fully explained, they may be due

to the Pacific Decadal Oscillation, a climatic pattern of warming and cooling. The

phases can last 20-30 years and may have substantial effects on the ecosystems of the

Northern Pacific[21].

The data used in this thesis is obtained from three of the PWSAC hatcheries. The

Solomon Gultch hatchery (run by the VFDA) is not taken into consideration as it

does not publish release and return data. For all years since 1980, the number of fry

released by the hatchery and the number of adults returning have been reported for

each of the PWSAC hatcheries. The release and return population sizes for the three

PWSAC hatcheries (AFK, WNH, and CCH) are plotted in Figure(12), Figure(14),

and Figure(16), respectively. Note that the Wally Noerenberg Hatchery (WNH) was

founded in 1985, thus for years 1980 through 1984 no data is available. In order to

determine how to scale the data, we examined the release and return data for each

of the hatcheries.
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Figure 12: The figure above shows the population size of pink salmon released from
the AFK hatchery versus the population size of returning adults. Each data point is
labeled with its corresponding brood year.
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Figure 13: This figure shows a linear fit of the data from AFK hatchery. The linear
fit is given by the equation y = 0.45x + 0.4. The data points plotted in this figure
above are exactly those in Figure (12).

From Figure(13), it is clear that there is a positive correlation between the number

of fry released and the number of adults returning over the years. However, this

correlation does not necessarily hold if we divide the graph into groups based on

the size of release and examine the variability within each group. For example, we

can partition the releases into three groups, low (from 5×107 to 10×107), average

(from 10×107 to 15×107), and high (from 15×107 to 20×107). In the low range we

see a negative correlation between the size of the release and the size of the return.

There is a positive correlation in both the average and high release groups. However,

there is also high variability in returns for these these release sizes. While there is a
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weak correlation between the sizes of the fry and adult populations, there are clearly

other major factors involved in determining the size of the returning adult population.

These factors may include environmental conditions and availability of food. From

Figure(12) we can see that most of the extremely low returns to the AFK hatchery

occurred during the early 1990s. These poor returns were possibly a result of the

Exxon Valdez oil spill of 1989 that impacted the Prince William Sound ecosystem for

several years after the incident[25]. However, research investigating the effects of the

oil spill on pink salmon is often conflicting and the issue is controversial[25].

0 5 10 15 20 25
0

2

4

6

8

10

12

14

16

18

20

Population size [fry release] (x107)

P
o
p
u
la

tio
n
 s

iz
e
 [
a
d
u
lt 

re
tu

rn
] 
(x

1
0

6
)

  1985
1986

1987

  1988

1989

1990
 1991

1992

  1993

1994

 1996

 1997

  1998

 1999

  2000

  2001

 2002

 2003

  2004

  2005

  2006

  2007

1995

Figure 14: The figure above shows the population size of pink salmon released from
WNH plotted against the population size of returning adults. Each data point is
labeled with its corresponding brood year.
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y = 0.0014x + 6.7

Figure 15: This figure shows a linear fit applied to the WNH data, see Figure(14).
The linear fit is given by the equation y = 0.0014x+ 6.7.

The linear fit in the plot shown in Figure(15) has a slope of 0.0014. Therefore

the correlation between the size of the fry release and the size of the adult return is

statistically insignificant. From Figure(14), we observe that the three lowest return

years were 1990, 1991, and 1993. However release sizes were larger than average. This

indicates that perhaps ecological conditions during those years lowered the carrying

capacity for juvenile salmon in Prince William Sound. As a result, the relatively large

releases suffered high mortality and produced a small returning adult population. The

poor returns for those years are consistent with corresponding data from the AFK

hatchery.
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Figure 16: The figure above shows the population size of pink salmon released from
CCH as a function of the population size of returning adults. Each data point is
labeled with its corresponding brood year.
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y = 0.47x − 0.21

Figure 17: In this figure a linear fit was taken of the fry release and adult return data
for the CCH. The linear fit is given by the equation y = 0.47x−0.21. The data points
plotted in the figure above are exactly those in Figure (16).

As seen in Figure(17), the Cannery Creek Hatchery data shows positive correlation

between release and return population sizes of pink salmon. For fry populations

smaller than 10 × 107, the data points are well matched by the linear fit. For fry

populations larger than 10×107, the data points are scattered in a vertical distribution

that ranges from about 1× 106 to 14× 106. Thus for release populations of 10× 107

to 15× 107, the correlation between release and return is not evident. These releases

are roughly the same size, yet they correspond with two distinct groups of returns:

high (6×106 to 14·106) and low (1 × 106 to 4 × 106). From Figure(16) we see that

the data points with strong positive correlation consist primarily of the hatchery’s

early years: brood years 1980-1990 (note that the 1993 release also falls within this
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category). These releases were the smallest from any PWSAC hatchery in Prince

William Sound. It is likely that during the 1980s the number of fry released was

consistently below carrying capacity. Thus, increasing the number of fry produced

higher adult returns. Once CCH began producing more than 107 fry, it is likely that

the size of the returning adult population became more dependent on environmental

factors than on the the size of the release. Note that CCH produces less fry than

either WNH or AFK. It is also located furthest from the Gulf of Alaska (see Figure(9)),

giving the CCH fry a longer journey. It is unknown if these factors are the cause for

the distinct release/return pattern from this hatchery.

For WNH the variation in the number of fry released does not have significant

effects on survival rates. CCH and AFK show slightly more correlation, yet the errors

from the linear fitting are large. Thus from analysis of the hatchery data, it is reason-

able to assume that the number of fry released does not have a consistently significant

effect on the number of returning adults. For simplicity, all of the release/return data

is normalized by dividing the number of returning adults by the number of fry re-

leased. By examining percent return we are able to consider only survival rate and

ignore discrepancies caused by differences in the number of fry released.
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Table 1: This table shows PWSAC yearly pink salmon percentage returns for brood
years 1980-2007. The average percent return and standard deviation are given in the
line below each hatchery’s abbreviated name. The red entries indicate higher than
average returns. The blue entries indicate lower than average returns. WNH entries
for years 1980-1984 are NaN as the hatchery was not founded until 1985. This data
was obtained from PWSAC[5].

BY RY AFK return WNH return CCH return Total
4.99±2.82 5.80±3.81 4.39±2.41 5.06±3.01

1980 1982 7.36 NaN 3.59 5.48
1981 1983 5.31 NaN 3.37 4.34
1982 1984 3.20 NaN 5.15 4.18
1983 1985 6.55 NaN 8.31 7.43
1984 1986 4.79 NaN 2.34 3.57
1985 1987 6.77 8.75 3.83 6.45
1986 1988 5.23 5.09 0.53 3.62
1987 1989 2.46 2.98 5.99 3.81
1988 1990 4.31 8.57 4.46 5.78
1989 1991 4.97 5.18 6.22 5.46
1990 1992 2.13 0.98 1.21 1.44
1991 1993 1.41 0.92 0.63 0.99
1992 1994 1.57 3.54 6.75 3.95
1993 1995 1.06 1.51 6.20 2.92
1994 1996 1.63 3.15 5.14 3.31
1995 1997 6.42 3.65 4.30 4.79
1996 1998 14.05 8.03 5.35 9.14
1997 1999 8.25 9.13 5.87 7.75
1998 2000 5.19 6.57 4.96 5.57
1999 2001 3.37 6.19 1.60 3.72
2000 2002 5.16 4.40 1.14 3.57
2001 2003 4.53 16.80 5.98 9.10
2002 2004 3.57 2.26 2.04 2.62
2003 2005 5.80 8.36 9.90 8.02
2004 2006 3.97 4.84 2.30 3.70
2005 2007 9.87 8.89 5.38 8.05
2006 2008 3.41 11.32 7.80 7.51
2007 2009 7.43 2.38 2.53 4.11
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2.2 Development of the Mathematical Models

2.2.1 The Salmon Life Cycle in Two Stages

The pink salmon population in Prince William Sound can be modeled by an

extremely simple, two-dimensional system of ordinary differential equations. This

model assumes a constant death rate for each of the two life stages: juvenile and

adult.

  

F A 

Figure 18: A diagram showing the pink salmon life cycle in two stages. The fry
population decays either by death or by maturation to the adult stage. The adult
population decays only by death.

From the diagram in Figure(18), we can construct the following model.

dF

dt
= −(k1 + k2)F (1)

dA

dt
= k2F − k3A

In this model, Eq.(1), F represents the fry population and A represents the adult

population. The fry either die off due to a constant death rate k1 or mature at a

constant rate k2 to the adult stage. The population surviving to the adult stage

die at a constant rate k3. As the fry stage should span the initial 60 days of marine

residence, the parameters for fry death rate and fry maturation rate must be bounded

to reflect this. At time t = 2, we take the population of fry F to be 1% of the initial

population F0. The differential equation for the fry population is linear, separable,
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and independent of the differential equation for the adult population. Therefore, we

can easily calculate the solution for the fry population (see Eq.(2) below).

F = F0 exp
−(k1+k2)t (2)

Solving this equation for (k1 + k2) yields:

k1 + k2 =
ln(100)

2
� 2.3

This provides a numerical estimate for the combined valuee of parameters k1 and k2.

In addition the death rate constant for fry, k1, must be larger than that for adults,

k3.

For fitting this model to real data, we use Matlab’s built-in function lsqcurvefit

to determine optimal values for the parameters k1, k2, and k3. The function lsqcurvefit

is used for solving nonlinear least squares problems, particularly data-fitting. Given a

data set, a function, and a set of initial estimates for parameter values, lsqcurvefit

chooses parameter values to minimize the least square errors between the function

and the given data. For this model, a set of initial parameters is randomly cho-

sen by calling Matlab’s built-in pseudorandom number generator, rand. The input

function for lsqcurvefit is the solution to Eq.(1) (obtained using ode15s), and the

real data is given by odd and even year returns for each hatchery. The differential

equation solver ode15s is a built-in Matlab function for solving systems of ordinary

differential equations using the backward differentiation formula, an implicit, linear,

and multistep method.

For the even year returns to the AFK hatchery, the parameters are chosen to be

k1 = 1.2950, k2 = 1.4449, and k3 = 0.1656.
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Figure 19: The figure above shows the solution of Eq.(1) for parameter values k1 =
1.2950, k2 = 1.4449, and k3 = 0.1656 and real data. The circular markers at time
t = 15 indicate the even year returns to the AFK hatchery for even brood years
1980-2006.

The model given by Eq.(1) is a deterministic model. Using fry release data scaled

to 1 and fixed parameter values, Model 1 produces the same output for all years.

The output of the model can only be varied by changing the selection of data used

for fitting. In Figure(19), all even years returns to the AFK hatchery from 1980-

2007 are used to fit Model 1. Environmental conditions shape the carrying capacity

of Prince William Sound and the survival of pink salmon, yet they are not explic-

itly included in the model. Instead they are reflected in the returns of past years.

Selecting a span of years with similar environmental patterns for fitting the model

can improve the prediction for a particular year. In this manner, large-scale shifts

can be tracked. However, given a sudden environmental perturbation, this model is

incapable of creating an accurate prediction.

As specified by the bounds on parameters, the fry population is negligibly small

after two months.
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2.2.2 The Salmon Life Cycle in Two Stages with the Effects of Zooplank-

ton

Research has consistently shown that the survival of pink salmon fry in Prince

William Sound is dependent on zooplankton abundance[2, 4, 7, 8, 9, 23, 24]. During

the spring, surface stratification of the water column and more hours of sunlight

create prime conditions for a sudden increase in the abundance of zooplankton. At

the peak of this bloom, abundance of zooplankton can be 50-times that of pre-bloom

levels[11]. The dynamics of plankton blooms can differ year-to-year depending on

weather, temperature, currents, and numerous other environmental factors. Blooms

can vary in duration, intensity, timing, and species composition[8, 9]. After reaching a

peak, the zooplankton biomass in Prince William Sound decreases due to maturation,

predation, and environmental factors. Figure(20) shows the general shape of the

zooplankton bloom.
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Figure 20: The figure above is a plot showing zooplankton abundance as a function
of time. The data in the plot is experimental data collected in Prince William Sound
for three consecutive years[26].

We use Eq.(3) to describe how the zooplankton profile changes over time.

z(t) = δ +K exp−( t−µ
σ )

2

(3)

In Eq.(3) above, the amplitude K, duration σ, and timing µ of the bloom can be

adjusted, as well as the zooplankton basal or pre-bloom level δ. Although the shape

of the zooplankton bloom is generally not symmetric (see Figure(20)), for simplicity

it is assumed that it can be modeled as such. Below, Figure(21), Figure(22), and

Figure(23) demonstrate how changing each of the three parameters (K, µ, σ) can
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alter the shape of the function, z(t).
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Figure 21: The figure above shows how the modeled zooplankton profile changes for
various values of K, ranging from 1 to 4. The other two parameters remain fixed.

Figure(21) demonstrates that increasing K increases the height of the peak of the

bloom. The abundance of zooplankton fluctuates from year to year, yet this difference

is much less dramatic than the change in abundance from pre-bloom to bloom levels.

Here the pre-bloom levels are arbitrarily taken to be δ = 0.1. In accordance with

observed data, the modeled zooplankton bloom amplitude K is permitted to vary on

a year to year basis by at most five fold. A value K = 5 in the model would correlate

with a large bloom and a 50-fold increase from pre-bloom levels.
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Figure 22: The figure above shows how the timing of the zooplankton bloom changes
for various values of µ. From top to bottom the values of µ are -2, 0, and 2. The
other two parameters remain fixed.

Increasing µ shifts the zooplankton bloom to the right (see Figure.(22)). Note

that µ can be positive or negative because time t = 0 is taken to be the time of the

fry release. Juvenile salmon survival is critically dependent on zooplankton during

the fry’s initial 1-2 months at sea. Fry released near the peak of the bloom enter an

environment rich in food, thus their chances of survival and their growth rates are

much higher than those of fry released before or after the bloom[7, 9]. In some years

there is a second bloom during the fall[8]. It was not necessary to take into account

the possibility of a fall bloom because in this model, zooplankton directly impact only

the juvenile salmon stages, which occur during the first few months after release.
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Figure 23: The figure above shows how the zooplankton function changes with respect
to the duration parameter, σ. The other two parameters remain fixed. For small
values of σ, the zooplankton profile z(t) is brief with a steep rise and decline. As σ
increases, the bloom conditions are prolonged.

As σ decreases, the duration of the bloom shortens. Although σ is the only

parameter adjusted in the figure above, changes in the duration of the bloom usually

coincide with changes in the peak height. Blooms can typically be classified as either

brief and intense or prolonged and low although other variations may occur.

Predation on zooplankton by fry, pollock, and other organisms is implicitly demon-

strated in the model’s decline after the peak of the bloom. By adjusting the peak,

timing, and duration of the bloom for each year, the survival rate of pink salmon

changes correspondingly. In the extreme cases (either no zooplankton or an unusu-

ally large abundance of zooplankton) any small change in the bloom would not greatly

affect the fry. Large, long lasting blooms that peak shortly after the release of the

fry will significantly increase the survival rate of the fry. Therefore, the presence of

a zooplankton bloom will negatively affect the death rate of the juvenile population,

as seen in the diagram below, Figure(24).
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Figure 24: Above is a diagram representing the population of pink salmon with the
effects of zooplankton. The relationship between fry and adult is the same as in model
(1). However, here the death rate of the fry depends on the timing, duration, and
amplitude of the zooplankton bloom.

From the diagram above, we can construct the following model. Here z(t) refers

to the zooplankton function given by Eq(3). As the zooplankton bloom is modeled

with a time-dependent function instead of a differential equation, the dimension of

the new model does not increase.

dF

dt
= −

�
k1

1 + γ1z(t)m
+ k2

�
F (4)

dA

dt
= k2F − k3A

As in the first model, in Eq(4) the variables F and A represent fry and adult

populations, respectively. The parameters k1, k2, and k3 have the same physical

meaning as in Eq(1) although the values of these constants are slightly different.

An additional parameter γ1 is needed to adjust the effect of zooplankton on the fry

population. As in Eq(1), the maturation rate constant and fry death rate constant

are bounded to reflect the duration of the fry stage. The bounds on the death rate

constant for the adult stage are the same as those used in Eq(1). The decay rate of the

fry is determined by k1, γ1, z(t), and m. The form of this parameter function is chosen
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so that in the absence of a zooplankton bloom (z(t) = 0), Model 2 would resemble

Model 1, in which the fry die at a constant rate. As the bloom approaches optimal

conditions, the death rate parameter for the juvenile pink salmon grows smaller. In

the equation for the fry population, the zooplankton function is raised to a power m.

This parameter controls the model’s sensitivity to changes in zooplankton abundance.

Increasing m steepens the effect of the zooplankton function for a narrower range of

K, as is demonstrated in Figure(25). By setting time t constant and varying K, we

can define the zooplankton function in terms of K: z(K). Changing the amplitude

of the zooplankton bloom allows us to observe how the death rate parameter changes

for different powers m.

0 1 2 3 4 5
0

2

4

6

8

10

12

K

d
e
a
th

!
ra

te
 d

u
e
 t
o
 z

o
o
p
la

n
kt

o
n

k1

1 + γ1z (K )

k1

1 + γz 2(K )

k1

1 + γz 3(K )

Figure 25: The figure shows the zooplankton-dependent component of the fry death
rate parameter as a function of the amplitude the spring bloom (K ). In this equation,
k1 = 12, γ1 = 1.4, and µ = 0. In the equation for zooplankton, σ = 1, time t = 1,
and K ranges from 0 to 5.

From Figure(25), it is apparent that by adjusting the size of the zooplankton

bloom, it is possible to obtain a wide range of death rates for pink salmon fry. If m
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is larger than 1, small changes in very low or very high ranges of K, do not change

the effect of zooplankton significantly. However, for a certain range of K, the change

in the effect of zooplankton is pronounced. Note that when K = 0, the zooplankton

function z(K) is nonzero due to the basal level of zooplankton, δ. Because of this,

the parameter functions in terms of z, z2, and z3 do not have the same value at K =

0 .

For the Prince William Sound pink salmon, m is chosen to be 2. Because it is

possible to match the span of historical data and obtain good results with m = 2, there

is no need to use higher powers of z(t). The model parameters are k1 = 12, k2 = 0.6,

k3 = 0.1, γ1 = 1.4, and n = 2. These are obtained by adjusting the parameters by

hand to generate reasonable outputs within the aforementioned bounds.

The addition of zooplankton introduces a variable component into the model. For

a given year, a prediction can be made with respect to the availability of food for

juvenile pink salmon. Given the same initial population of pink salmon, the percent-

age of returning adults can be made to differ by about 140% simply by adjusting

z(t). Unlike in Model 1, environmental changes from year to year are reflected in

the zooplankton profile and subsequently in the pink salmon predictions. Consistent

data describing yearly zooplankton profiles is not available, yet we can assume that

pink salmon returns correspond to abundance of zooplankton.

The peak height (K) of the spring bloom is taken to be the relative abundance

of zooplankton. Adjusting the parameter K produces differing return sizes. We

represent low zooplankton blooms with K = 1, average blooms with K = 2, and

above average blooms with K = 3.5. The total returns to PWSAC hatcheries can

divided into three groups: low, average, and high returns. The range for each group is

determined by evenly dividing the whole interval (0.99, 9.14) into three even segments.

The three classifications of relative abundance of zooplankton are taken to correspond

with three group sizes of pink salmon returns, as given by Table(2).
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Table 2: The table below shows the total returns to PWSAC hatcheries divided into
three intervals: low, average, and high. The groupings are not based explicitly on
ecological factors.

Low
0.99
1.44
2.62
2.92
3.31
3.57
3.57
3.62
3.70

-
-

Average
3.72
3.81
3.95
4.11
4.18
4.34
4.79
5.46
5.48
5.57
5.78

High
6.45
7.43
7.51
7.75
8.02
8.05
9.10
9.14

-
-
-

The following three figures show how the model output changes for different zoo-

plankton bloom profiles. The model appears to fit the three different groups of returns

almost perfectly. However, if we adjust the scale of the y-axis it is clear that there

are still significant discrepancies between the real data and the model predictions (see

the insets in Figure(26), Figure(27), and Figure(28)).
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Figure 26: Above is the Model 2 prediction, given a zooplankton profile with an above
average amplitude. Here K = 3.5, µ = 0, and σ = 1. This plot represents a high
return to Prince William Sound. The circular markers indicate the group of high
returns, as given in Table(2).

In Figure(26) the zooplankton bloom has a larger than average peak height, with

average timing and duration. These conditions are reflected in the model’s prediction

of an above average return. As expected, the juvenile population decays to zero

between the first and second month at sea and slightly less than half of the fry reach

the adult stage.
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Figure 27: Above is the model prediction, given a zooplankton profile with an average
amplitude. Here K = 2, µ = 0, and σ = 1. This plot represents an average size return
to Prince William Sound. The circular markers indicate the group of average returns,
as given in Table(2)

In the figure above, Figure(27), the model shows an average zooplankton profile

in which the fry are released at the peak of the bloom. The fry population decays

just before two months, as expected.
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Figure 28: Above is the model prediction, given a zooplankton profile with a below
average amplitude. Here K = 1, µ = 0, and σ = 1. This plot represents a below
average size return to Prince William Sound. The circular markers indicate the group
of low returns, as given in Table(2)

Figure(28) shows the Model 2 output for a low zooplankton profile. Note that

the juvenile salmon population appears to decay to zero before one month. In Eq(4),

the total decay rate for the fry population is given by the sum of the death rate due

to zooplankton and the maturation rate. For low zooplankton blooms, the death

rate parameter is very large, causing an unrealistically quick decay. In reality, a low

zooplankton bloom would cause the juvenile salmon to mature at a slower rate and

therefore be vulnerable to predation for a longer period of time. Our model fails to

express this phenomenon, yet the error is a small one. The model does correctly show

that lower zooplankton levels decrease the percentage of fry reaching adulthood and

subsequently, the percentage of adults returning to Prince William Sound.
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2.2.3 The Salmon Life Cycle in Two Stages with the Effects of Zooplank-

ton and Pollock

While Model 2 is able to describe the dynamics of juvenile salmon populations in

terms of their food source, it does not take into account the effects of predators. The

relationship between zooplankton, pollock, and juvenile salmon can be described by

the prey-switching hypothesis[2, 7]. Including walleye pollock in the model is critical

because pollock function both as a competitor for a food source and as a predator[7].

For low levels of zooplankton, it is expected that the loss of juvenile salmon will

be much higher when the effect of pollock is added. However, when the levels of

zooplankton are high, the loss of juvenile salmon should be only slightly effected by

the presence of pollock. Pacific herring also demonstrate the same prey-switching

behavior but they have not been included in this model. In the years following the

Exxon Valdez oil spill the herring population in Prince William Sound has been low[8].

For simplification, only the effects of pollock are considered here.

 

 

 

A F 

z(t) 

P 

Figure 29: Above is a diagram representing the life cycle of pink salmon with the
effects of zooplankton and pollock. The addition of pollock has a positive effect on
the death rate of the fry. However, as pollock prefer to feed on zooplankton, the
presence of a large spring bloom weakens the affect of pollock on fry. When the
abundance of zooplankton is low, pollock feed heavily on juvenile salmon. The rest
of the model represents the same relationships seen in the previous diagram (see
Fig(24)).
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From the diagram above we can construct the following model. As in Eq(4), z(t)

is the zooplankton function given by Eq(3).

dF

dt
= −

�
k1

1 + γ1z(t)m
+ k2 +

k3P

1 + γ2z(t)n

�
F (5)

dA

dt
= k2F − k4A

In this model, Eq(5), we include predation due to a constant population of pollock

P . The positive affect of pollock on the fry decay rate is dampened by the inclusion

zooplankton (γ2z(t)m) in the denominator. In the absence of zooplankton, the fry

population decays with respect to pollock at a constant rate of k3. It is possible to

replicate the prey-switching of pollock between fry and zooplankton with the model.

A large spring bloom will cause the decay rate due to pollock to be negligible. The

other parameters (k1, γ1, k2) are the same as for the model given by Eq(4). The death

rate constant for the adult population is k4. The zooplankton function is raised to

the power of m in the death rate parameter due to zooplankton and to the power

of n in the death rate parameter due to pollock. As in Model 2, this is necessary in

order to augment the sensitivity of fry to the effects of zooplankton and to increase

the range of possible values for the death rates.

The parameters for the third model are estimated by a trial and error process of

manually adjusting parameter values until reasonable graphs and outputs are pro-

duced. To determine estimates for parameter values, certain bounds are defined. The

pollock population is taken to be a constant that can be adjusted each year. The

pollock life cycle is much more complex than that of pink salmon and spans roughly

15 years. The model runs for about one year and pollock only affect salmon popu-

lations during the first two months. Therefore it is not necessary to produce a time

dependent model for pollock. For a given year, if the pollock population is known to
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be larger or smaller than average, the parameter P can be adjusted accordingly. The

bounds on the maturation rate constant k2 are the same as for the previous models.

The bounds on death rate due to zooplankton are the same as those in Model 2,

Eq(4). Parameter values for the AFK hatchery are given in the following table.

Table 3: The table below gives the parameter values for Model 3.

Parameters Values
k1 6
k2 0.6
k3 7
k4 0.1
γ1 1.4
γ2 1.6
m 2
n 2
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D(t) =
P k3

1 + γ2 z (t)2

P = 0.5

P = 1

P = 1.5

Figure 30: The figure above shows how the death rate parameter due to pollock
predation on juvenile pink salmon changes over time for three different population
sizes of pollock (P ). The zooplankton profile is given by µ = 0, K = 2, and σ = 1,
and represents an average bloom with a peak at time t = 0.

From Figure(30) we can observe the affect of pollock on the death rate parameter

of juvenile pink salmon. As the pollock population decreases, there is less predation

on fry, allowing a higher percentage of the initial fry population to reach the ocean

stage. For Prince William Sound, P = 1 is taken to be an average population of

pollock. It is clear that adjusting P can produce varying return sizes. However, one

the main goals of including pollock in the model is to demonstrate the prey-switching

hypothesis. We test our model against the prey-switching hypothesis by examining

how the value of the death rate parameter due to a fixed pollock population changes

with respect to zooplankton abundance. This is demonstrated in Figure(31).
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D(K ) =

P k3

1 + γ2 z (K )n

Figure 31: Above is a plot of the death rate parameter due to pollock predation
as a function of K, the amplitude of the zooplankton function. The death rate
parameter for pollock predation, D(K), is given by D(K) = Pk3

1+γ2z(K)n where z(K)
is the zooplankton function at time t = 0 as a function of K. Here γ2 = 1.6, n = 2,
µ = 0, σ = 1, andP = 1.

By the prey-switching hypothesis, we expect to see a decrease in the death rate

as the zooplankton population increases. As pollock prefer to consume zooplankton,

even a slight increase in K causes a significant decrease in the death rate of fry due

to predation. When levels of zooplankton are above a threshold level, pollock have

a sufficient supply of food. Under these conditions, small changes in K have little

effect on this component of the fry death rate.

Figure(32) shows an exaggerated plot of Figure(31).
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Figure 32: The figure above emphasizes the prey switching hypothesis. As in
Figure(31), the death rate parameter for pollock predation, D(K), is given by
D(K) = Pk3

1+γ2z(K)n . Here γ2 = 1.6, n = 20, µ = 0, σ = 1, andP = 1.

The model’s sensitivity to the the effects of zooplankton is drastically increased by

making the parameter n large. In Figure(32), the switch between pollock predation

and no pollock predation can be seen clearly. Here, K = 1 is the threshold value at

which pollock shift from feeding on fry to feeding on zooplankton.

2.2.4 The Salmon Life Cycle in Five Stages with the Effects of Zooplank-

ton and Pollock

In the time series simulations for each of the previous models, the adult popu-

lations appear immediately after the fry have been released. This is unreasonable as

salmon mature gradually. In addition, this suggests that some fry reach the relatively

‘safe’ ocean stage instantaneously. However, it is known that salmon remain particu-
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larly vulnerable during their initial 60 days in the wild. Furthermore, during the first

two months in PWS their vulnerability decreases as they mature and grow[2]. A delay

in the appearance of the adult population is needed to capture these phenomena. By

dividing the fry stage into several substages we can reflect how juveniles mature to

adult salmon in stages over a period of time (see the diagram in Figure(33)).

 

 

 

 

 

 

 

F F1 F2 F3 A 

z(t) 

P 

z(t) 

P 

z(t) 

P 

z(t) 

P 

Figure 33: Above is a diagram representing the pink salmon life cycle in five stages
with the effects of zooplankton and pollock. Note that the zooplankton bloom, rep-
resented by z(t), and the pollock population P are the same for each of the four fry
stages, F , F1, F2, and F3.

A system of differential equations representing different intermediate stages of

growth was used to represent a time delayed appearance of various life stages of

Bluefin Tuna[10]. This method can be applied to pink salmon populations.

dF

dt
= −

�
k1+

m1

1 + γ1z(t)m
+

m2P

1 + γ2z(t)n

�
F (6)

dF1

dt
= k1F −

�
k2 +

m1

1 + γ1z(t)m
+

m2P

1 + γ2z(t)n

�
F1

dF2

dt
= k2F1 −

�
k3 +

m1

1 + γ1z(t)m
+

m2P

2(1 + γ2z(t)n)

�
F2

48



dF3

dt
= k3F2 −

�
k4 +

m1

1 + γ1z(t)m
+

m2P

2(1 + γ2z(t)n)

�
F3

dA

dt
= k4F3 − k5A

In Eq(6), the fry stage has been separated into four arbitrary substages (see

Figure(33)). The differential equation for each of these stages closely resembles the

equation for the fry stage in Eq(5). The fry released from the hatchery (F ) mature

to successive fry substages, F1, F2, F3, at rates of k1, k2, and k3 respectively. The

death rate for each fry stage is divided into two components: the death rate due to

zooplankton and the death rate due to pollock predation. These parameter functions

are taken from Eq(5). As juvenile salmon grow larger in size they are less vulnerable

to predation by pollock. Therefore, the decay rates due to predation for F2 and F3

populations are halved. The equation for the adult population (A) has the same form

as in the previous three models.

Because the substages of F are chosen arbitrarily and do not reflect any distinct

biological life stages, the maturation rates, k1, k2, k3, and k4, can be taken to be the

same. This greatly simplifies the model by reducing the number of parameters. In

the previous models there is only one fry stage. Maturation rate constants and death

rate constants are obtained by adjusting the parameters by hand within reasonable

bounds. Because the fry stage is divided into four equal subdivisions in Model 4, each

maturation rate constant should be roughly four times the rate constant in Model 3.

Likewise, the death rate constants can be estimated to be about one fourth of those

in Model 3. More careful adjustment of these estimates is needed to fit the model to

data. Values for γ1, γ2, m, and n are taken from Model 3. The rate constants for

Model 4 for even year returns to the AFK hatchery are given in the table below.
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Table 4: Model 4 Parameter values for simulation of even year returns to the AFK
hatchery.

Parameters Description of the Parameters Values
k1 Maturation rate constant from F to F1 2.4
k2 Maturation rate constant from F1 to F2 2.4
k3 Maturation rate constant from F2 to F3 2.4
k4 Maturation rate constant from F3 to A 2.4
k5 Death rate constant for adult salmon 0.1
m1 Death rate constant for fry stage 2
m2 Death rate constant due to pollock predation 3
γ1 Adjusts the effect of zooplankton 1.4
γ2 Adjusts the effect of zooplankton 1.6
m Power of zooplankton function 2
n Power of zooplankton function 2

50



0 2 4 6 8 10 12 14 16

0

20

40

60

80

100

time (months)

p
in

k 
sa

lm
o
n
 p

e
rc

e
n
ta

g
e

0 1 2
0

0.1

0.2

0.3

 

 

F
F

1

F
2

F
3

A

Figure 34: The figure above shows the Model 4 prediction for a zooplankton profile
given by K = 2, µ = 0, and σ = 1. The inset shows the four substages of fry and the
adult life stage.

From the inset in Figure(34), we can see that Model 4 is able to capture the delay

in the appearance of the adult population. The fry subpopulations die off before the

second month after release. As expected, the adult stage of the population reaches a

peak about 1.5 months after the initial fry release. Note that the peaks of the both

F2 and F3 subpopulations are lower than the peak of the adult population. The decay

rates for the fry stages are much higher than the decay rate for the adult population.

Therefore the adult population is able to attain a higher peak before decaying to zero

than either F2 or F3.

The transition from fry to adult stages occurs gradually over a span of two months.

The fry stage has a high death rate which is dependent on zooplankton and pollock.
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The adult stage has a low, constant death rate. Without the inclusion of a delay,

we observe that some of the juveniles mature to the adult stage immediately after

the fry are released. Therefore, this portion of the population is not affected by the

higher death rate of the fry stage. This is unrealistic and increases potential error

in the model. With a delay, the percentage of the initial fry population immediately

maturing to the adult stage is drastically reduced.

While Model 4 does not necessarily have higher predictive capabilities than Model

3, it does represent the biology of pink salmon more accurately.
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3 Discussion

In this thesis we developed four deterministic models to explain the life cycle of

pink salmon and to predict future returns.

First, we developed a simple model that formed the basis for subsequent, more

complicated models. In Model 1, we showed that pink salmon populations can be

described with a two dimensional system of differential equations. The model was

able to capture data for years with returns of average size. Because the parameter

values and initial conditions were fixed, the model always produced the same output

year to year. The mean absolute percentage error (MAPE) can be used to test the

success of a model’s ability to fit data. Mean absolute percent error is calculated

using the formula below.

MAPE =
100

s

s�

i=1

����
Ri −Mi

Ri

����

Here the number of data points being fitted is s, the actual value of data point i is

Ri, and the model output is Mi. The MAPE can be used to determine the predictive

capabilities of Model 1, Eq(1). Using data from all brood years from 1980-2007 for

the AFK hatchery and parameters set to k1 = 1.2950, k2 = 1.4449, and k3 = 0.1656,

the MAPE of this model is 49.52%. However more careful selection of the span of

years used for fitting can result in a lower MAPE. In particular, as environmental

changes are implicit in Model 1, using time spans with similar climatic patterns to fit

Eq(1) could produce better results. As the last major climatic shift occurred in 1989

[20], we chose to use only even years from 1990 to 2006. The MAPE from this fit

is 35.92% with parameters k1 = 1.2097, k2 = 1.4625, andk3 = 0.1707. Furthermore,

excluding anomalies (exceptionally low or high returns) could also improve the model’s

fit. For example, when we omitted the lowest (year 1992) and highest (year 1996)
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percent returns from the even brood years, the MAPE became 18.69%. In this fit, the

parameters were adjusted slightly to k1 = 1.274 9, k2 = 1.4025, and k3 = 0.1836. In

the examples above, the MAPE was calculated using the same data points as those

used to fit the model. When the model fitted with even years was applied to the

odd year data, the error increased. Using parameters for even years k1 = 1.2950,

k2 = 1.4449, and k3 = 0.1656 with odd year data produced a MAPE of 64.40%. As

demonstrated before, this error can be lowered by improving the selection of data

sets used for fitting. While the model given by Eq(1) is simplistic, it is possible to

produce a reasonable prediction for years with returns that do not deviate too far

from average.

We sought to improve Model 1 by including a parameter that can be varied from

year to year. From analysis of available data and evaluation of other studies we con-

cluded that ecological conditions are key to determining the size of the returning adult

population. A number of studies have indicated that the abundance of zooplankton

is of particular importance to juvenile salmon populations [2, 4, 7, 8, 9, 23, 24]. The

spring zooplankton bloom determines both the availability of food and the threat

due to predation by pollock. The zooplankton bloom can be modeled with a simple

function in which the peak height, duration, and timing of the bloom can be adjusted

manually to fit the zooplankton profile for a particular year. To include the effects of

the spring bloom on pink salmon, we assumed that the death rate constant in Model

1 was dependent on the zooplankton function. Given the same initial fry population,

Model 2, can produce different returns based on changing ecological conditions.

In order to compare Model 1 and Model 2, the MAPE for each was computed

using total returns to all of the PWSAC hatcheries combined. The MAPE for Model

1, using parameters k1 = 1.5958, k2 = 1.4124, and k3 = 0.1526, was 50.44%. In

Model 2, the low returns were predicted with K = 1, the average returns with K = 2,

and the high returns with K = 3.5. The other parameters were fixed at k1 = 12,
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k2 = 0.6 k3 = 0.1, γ1 = 1.4 and m = 2. By using this method of grouping returns

with bloom profiles, the MAPE for Model 2, became 23.07%. This was less than one

half of the MAPE of Model 1. Using three different zooplankton profiles to describe

the return data greatly enhances the fit of the model and its predictive capabilities.

With more data on the yearly zooplankton abundance, it is likely that the forecast

could be improved further.

The development of Models 3 and 4 was driven by the desire to improve the models’

ability to describe the pink salmon life cycle. The models address two issues that were

not included in Model 2: the effect of predators and the timing of the transition from

the fry stage to the adult stage. Model 3 included the effects of predation on fry by a

constant pollock population. For each year, given an index of the pollock population

and a zooplankton profile, the adult return could be predicted. However, the main

achievement of Model 3 was the implicit demonstration of the prey-switching behavior

of pollock between fry and zooplankton.

Model 4 introduced a time delay in the appearance of the adult population. In-

cluding a time-delay better describes the biological system and it can reduce the error

due to fry entering the adult stage too soon.

No model is able to perfectly describe a dynamic biological system. While the

models developed in this thesis are able to capture a wide range of data, their success is

limited to our ability to measure the magnitude, shape, and timing of the zooplankton

bloom and our ability to accurately determine values of parameters. In a practical

setting, Model 2 is likely to be the most effective. It has the ability to track year

to year, zooplankton-dependent fluctuations in the pink salmon population yet it is

still a relatively simple model. It could be further simplified by fixing the timing and

duration of the zooplankton bloom. Then one would only need to know a relative

zooplankton abundance index in order to generate a general zooplankton profile.

With more research on the dynamics of spring zooplankton blooms and their
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influence on pink salmon, the models could be further refined. In particular, consistent

year to year data on zooplankton abundance near each hatchery would be extremely

valuable.
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Appendix

Matlab code for Model 1

%%%%%%%%%%%%%%%%%%%%%% Driver function %%%%%%%%%%%%%%%%%%%%%%

% Real data

EYF = [1 1 1 1 1 1 1 1 1 1 1 1 1 1];

EYA = [0.0736 0.0320 0.0479 0.0523 0.0431 0.0213 0.0157 0.0163...

0.1405 0.0519 0.0516 0.0357 0.0397 0.0341];

OYF = [1 1 1 1 1 1 1 1 1 1 1 1 1 1];

OYA = [0.0531 0.0655 0.0677 0.0246 0.0497 0.0141 0.0106 0.0642...

0.0825 0.0337 0.0453 0.0580 0.0987 0.0743];

TYF = [1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1];

TYA = [5.48 4.34 4.18 7.43 3.57 6.45 3.62 3.81 5.78 5.46 1.44 0.99...

3.95 2.92 3.31 4.79 9.14 7.75 5.57 3.72 3.57 9.10 2.62 8.02 3.70...

8.05 7.51 4.11]/100;

select = 1;

cc=’m’;

%% This part is for fitting

if select == 1

par0 = 5*rand(1,3);

LB = [1 1e-2 1e-3];

UB = [2 2 1];

options = optimset(’Display’,’iter’,’TolFun’,1e-8);

xdata = ones(1,length(EYA));

[Est FVal] = lsqcurvefit(@myfitfun,par0,xdata,EYA,LB,UB,options,EYF)

for i = 1:length(EYA)
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init=[TYF(i) 0];

tspan=[0 15];

[T Y] =ode15s(@mymodelfit,[tspan],[init],[],Est);

subplot(2,1,1),plot(T,Y(:,1),cc)

subplot(2,1,2),plot(T,Y(:,2),cc)

hold on

i

plot(15,EYA(i),’o g’)

pause

clf

end

end

%% This part is for plotting

if select==2

for i = 1:length(EYA)

par0 = [1.2950 1.4449 0.1656 ];

init=[EYF(i) 0];

tspan=[0 16];

[T Y] =ode15s(@mymodelfit,[tspan],[init],[],par0);

plot(T,Y(:,1),’r’,T,Y(:,2),’- b’, ’LineWidth’, 2 )

xlabel(’time (months)’, ’fontsize’, 16)

label(’pink salmon population percentage’, ’fontsize’,16)

set(gca,’linewidth’,3,’fontsize’,16)

axis([-0.1 16 -0.02 1.1])

hold on

%axis ([-.2 16 -1.2 102]),hold on

i
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plot(15,EYA(i),’. g’,’markersize’, 20)

pause

clf

end

end

%%%%%%%%%%%%%%%%%%%%%% myfitfun function %%%%%%%%%%%%%%%%%%%%%%

function F = myfitfun(par0,xdata,EYF)

tspan = [0 15];

for i = 1:length(EYF)

init=[EYF(i) 0];

[T Y] =ode15s(@mymodelfit,tspan,[init],[],par0);

F(i)=Y(end,2);

end

%%%%%%%%%%%%%%%%%%%%%% mymodelfit function %%%%%%%%%%%%%%%%%%%%%%

function dy=mymodelfit(t,y,par0)

k1 = par0(1);

k2 = par0(2);

k3 = par0(3);

Km = 2;

Vm = 2;

F = y(1);

A = y(2);

dF = -(k1+k2)*F;

dA = k2*F-k3*A;

dy = [dF dA]’;
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